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Abstract

In this article, coupling of He’s variational iteration techniques (HVIT) and Homotopy
Perturbation Method (HPM) is used for solving nonlinear partial differential (NPD) Burger-Fisher
type equation. In this method as similar to HVIT,we have to construct correction functional and
Lagrange multiplier is calculated optimally by using variational theory. Lastly He’s polynomials
are introduced in the correction functional and equating likewise powers of p gives solution of
NPD equation. The complete advantages of HVIT and HPM are taken by this technique. It is also
known as Variational iteration techniques with He’s Polynomials (VITHp). This technique is free
from rounding off errors. Also it is applied without any restrictive assumption, discretization and
transformation.
Keywords: variational iteration techniques, He’s polynomials, Homotopy Perturbation Method,
Burger-Fisher equation, nonlinear Partial differential equation.
1. Introduction:

The variational iteration technique [1,2,3] was first proposed by Ji-Huan He in 1999.The
VIT does not involve discretization also it does not require large number of computer memory.
Therefore, it is preferable to many numerical problems as it is free from rounding off errors. The
VIT is reliable and efficient for wide variety of scientific and engineering applications. This
method is applied to linear, nonlinear, ordinary and partial differential equations [5]. This method
solves large class of nonlinear problems [4] easily, effectively and accurately with approximations
converging rapidly to exact solutions.

In this paper, VITHp is implemented for solving some nonlinear partial differential
Burger-Fisher (NPDBF) equation.The Paper has been organized as follows: In section 2, HPM is
introduced. He’s Polynomials is also discussed in this section. In section 3, HVIT with He’s
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polynomials and its application for Burger-Fisher type equation is analyzed. The last section deals
with conclusion.
2. Homotopy Perturbation Method (HPM):

Homotopy Perturbation Method [6] is proposed by Ji-huan He. HPM is nothing but
combination of Standard Homotopy method and Perturbation method.

Consider the NPD equation, F(v) —g(s) =0, s€Q (D

Subject to the boundary condition, G (v, Z—Z) =0, sey¥

where F is differential operator, G is boundary operator, g(s) is a function, ¥ is the boundary of
domain Q.
Equation (1) can be rewritten by dividing operator F into linear (L) and nonlinear (N) parts as
Lw)+Nw)—g(s) =0, seq (2)
Construct Homotopy w(s, q): Q X [0,1] = R which satisfies homotopic structure,
Hw,q) = (1= q@)[L(w) = L(w)] +q[Lw) + Nw) —g(s)] =0,s€Q  (3)
Here v, is initial approximation by which above boundary condition holds and q € [0,1].
If we substitute ¢ = 0 and g = 1 in equation (3) we get,
H(w,0) = L(w)—L(vy) =0
Hw,1) =Lw)+ N(w)—g(s) =0 4
Hence from equation (4), it is observe that W (s, q) is just change from v,(s) to v(s) due to
changing process of g from 0 to 1.this is known as deformation in topology.
Now, equation (3) can be written as a power series of g by considering g as small parameter as
w = wy + qw; + ¢*w, + 3w + -, (5

Therefore we get approximate solution of equation (2) as follows,

U=lin}W=W0+W1+W2+'", (6)
q-

2.1.He’s Polynomials:

Consider the functional equation in the form, v — N(v) — g =0, (7)

Where function v is unknown function which is to be determine, N is nonlinear operator
from Hilbert space H to H and g is source term or known function.
Consider equation (1) as, T(w) = w(x) —g(x) — N(w) =0,
Define homotopy function H(w,q) as: H(w,0) = R(w), H(w,1) = T(w)
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Here R(w) is integral operator with solution wy.

We can select convex Homotopy

Hw,q) = (1 - q)RW) +qT(w) =0 )
Here the parameter q € [0,1].
We can write equation (5) as, w = wy + qw; + ¢*wy + 3wy + -+, =¥ 2,9 w,  (9)
Hence solution of equation (6) is , v = lirr% w=wy+w;+w, 4+, = X2 ow,
q—)
hence, T(w) = R(w) — N(w) “Rw) =w(x) — g(x)

Equation (8) becomes,
Hw,q) = (1 - @RW) +q[RW) —Nw)] =0
=w(x) —g(x) —qgN(w) =0 (10)

Maclaurin’s expansion of N (w) with respect to q is,

a 2 02 3 63
Nw) =NW)lg=0 + 4 (@N(W)L_O) + %(a—qu(w)‘ 0) + %(6_6131\](‘”)| 0) + o
- q= q=

In above equation put value of w from equation (9), we get

Nw)=N (i qrwr> +q aa—qN (i qur>

r=0 q=0 r=0 q=0 r=0 q=0
p 1 2 [ o2 2
N(w) = N(wo) +q %N quWr +37 a—qu quwr
r=0 q=0 r=0 q=0
¢ [ a3 3 )
' r=0 q=0

Substitute values of equations (9) and (11) in equation (10) we get,
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Hw,q) = ) q"wy = g(0)

r=0
_ a Y r qz az S T
N(wy) +q %N Zq Wy +§ a—qu Zq Wy
r=0 q=0 =0 q=0
qu an
T
+ F a—qu (Z q Wr> + -
r=0 q=0
From the above equation equating the terms of identical powers of q,we get
q°:wo(x) —g(x) =0 wo(x) = g(x)
q':wy(x) = N(wp) =0 wy(x) = N(wo)
1 1
2 J r 0 r
w0 == N D aw || =0 w@=5N() aw
dq dq
r=0 q=0 r=0 q=0
N 102 (o, ~ 102 (o,
q 'W3(x)_50_qZN Zq Wy =0 W3(x)_§a_qu 2‘2 Wy
r=0 q=0 r=0 q=0

and so on.

Now we define the He’s Polynomials as:

n
1 9" .
Hn(wo,wl,...,wn) = Fa_qu Zq wy

Hence He’s Polynomials are,

Hy(wo) = N(wp)

o (<,
H1(W0,W1) = %N Z q'w,
r=0 q=0

2
1 92 .
Hz(wolwl,wz) = Ea_qu Z q'w,

r=0

, n=2012..

d
= %N(Wo + qwy)

q=0

1 92

T 219¢%
q=0

N(wq + qw; + q*w,)
q=0

The nonlinear function N (v) can be express in terms of He’s polynomials as:
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N(v) = z Hn(wo'wl, s Wn)
n=0

= Ho(Wo) + HI(WO,WI) + Hz(WO,W]_, W2) + -+ Hn(WO,Wl' ...,Wn) + .-

Therefore from equation (7) the solution is express as,

v(x)=gx)+Nw) =gx) + Z Hn(wo,wl, ...,Wn)
n=0

Hlustration:

Consider NPD equation v' +vv' =1+ x,v(0) =0 (12)

Where (') represent derivative of function v.Also the term vv' is nonlinear.

Construct homotopy structure of equation (12) as:

Hw,q)= w(x)—(1+x)+qw@)w'(x) =0

Hw,q) = Wy + qw; + ¢*wy + @®w3 + ) — (1 + x) + q. (Wo + qw; + ¢°w, + ¢*w;
+ ). (Wh+ qwy + 2wy + ¢Pwi + ) =0

Collecting powers of g ,we get

(wo =1 =x)q° + (W + wowg)q* + (w3 + wowy + wywp)g?
+ (Wi + wowy + wywy + wow()q® + (wy + wowg + wiwy + wowg + waw()g?*
+ ..

Hence here He’s polynomials are as follows:

Ho(wo) = wowg

Hl(wo,wl) = Wow; + wyw)

HZ(WO'Wl,WZ) = WoW; + wiw; + wowy

! ! ! li
H3(W0'W1,W2,W3) = WoWs3 + wiw, + wow; + waw,

3. Variational Iteration Techniques With He’s Polynomials:
The Variational iteration techniques with He’s Polynomials(VITHp) [7] is coupling of
HVIT with HPM. Actually it is coupling of correction functional in HVIT with He’s Polynomials.
We will discuss this technique as follows.
Consider the general NPD equation,
Lv+ Nv =g(x) (13)
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here L and N are linear and nonlinear operator respectively.Also g(x) is source term.

We construct correction functional of equation (13) as,

t
Vpy1 = Up + f/’l[Lvn + N7, — g(s)lds (19)
0

Here 7, is restricted variation therefore v, = 0.As previous chapter, we can determine Lagrange

multiplier A(s, t) optimally via variational theory. Moreover value of A(s, t) is also obtainby using

(-D™s-t™?

following formula, A = D!

where n is degree of given NPD equation (13)

Now apply HPM to correction functional which is obtain after substituting Lagrange multiplier

A(s) in equation (14) as

) t ) 1) x
Z q v, = vy +q f A lz q" Lv, + Z q" Nv,|ds — f)l(s)g(s)ds (15)
n=0 0 n=0 n=0 0

The above equation (15) is coupling of correction functional in HVIT and He’s Polynomials.By
using this equation (15) we compare like powers of g which gives solution and by using these
solutions we get series form of solution of equation (13)
3.1. Solution of Burger-Fisher Equation By VITHp:

In this section we will discuss nonlinear Partial differential equation which is Burger-
Fisher type (NPDBF) [8] equation.
The family of nonlinear equation in the form, v, — vy, = f(v) (16)
If function f(v) = —v. v, in equation (16), we get Burgers equation as,

Ve — VUyy T V.0, =0
If function f(v) = v(1 — v) in equation (16), we get Fisher equation as,
Vi — Upx = V(1 — V)

We obtain Burger-Fisher equation by substituting f(v) = v.v, + v(1 — v) in equation (16) as,

Vi — Uy = V.U, + V(1 — V)

Hence NPDBF equation is,
Vi— U — V0, — V(1 —v) =0 (17)
The exact solution of the above NPDBF equation is given as
v(x,t) = l{1 + tanh F (x + Et)]} (18)
2 4 2
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We get initial approximation by taking t = 0 in above equation as,

v(x,0) =v, = %[1 + tanh (z)]

We can construct correction functional of equation (17) by using equation (14)

ft [ R

and A= —1as, vy = v, — [ [ 22— 22 —vng—ﬁ+[ﬁ]2] ds (19)

By applying Homotopy Perturbation method to equation (19) we get,

~ 00

Do (L) (2os)
+ Z; q"vn — (Z; q”vn>

Equating coefficients of powers of g ,with the help of Maxima software we get,

ds

Zq"vn= Vo t+q
n=0

O\H

q%:vo(x,t) = ! [1 +tanh( )]

t t t
av
f ds+f a—ds+fv0ds—fv02ds
0 0 0
x\? X
tsech|7) tanh(%) tsech (tanh +1) t(tanh +1)
__esech () tann () esech (5) ctann (3) @)
16 16 2
t(tanh (3 ) + 1)2
- 4
5t 5t X
=————=—sech?(~
16cosh (%)2 16 (4)
t t t t t
X 0%v, o, ov
q-:v, =] 92 ds+Jv0Eds+jvla—ds+Jv1ds—2fv0v1ds,
0 0 0 0 0

= - 2152t82 sech 2 (Z) tanh G)
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t t t t t t

dav, v, av, 5
+fv0ads+fvlads+fvzads+fv2ds—2fvov2ds—fvl ds
0 0 0 0 0 0

= 1125?;63 sech ? (z) [1 - %sech 2 G)]

Continuing in this way we get other approximations.

Therefore,solution of NPDBF equation (17) is,

V=vy+Vv;+v; + -

v = %[1 + tanh (f)] + Esech z (E) i sech? (f) tanh (f)

41" 16 4) 128 4 4
125¢t3 X 3 X
2 2
- i — 2
+ 1536 sech (4) [1 2sech (4)]+ (20)

Graphical representation of VITHp (Vwm) solution (20)is given as,

i

cCCocCcCOoOO0OO0OO0O0OC
CANWETANDO =

Figure 1: Vu solution of NPDBF equation (17)

Also,Exact solution V. (18) of NPDBF equation is represented graphically as,
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Figure 2: Exact solution V. of NPDBF equation (17)

1 - - 1 T
' [ artsEu, — [ artzan, —
13+ [ iy — - 13- / iy — -
J
a8t |’ a8t 1
07 ‘ 07 '[
a5+ [l isr '|
> 105 | > 03 [
' Q |
a4 s
1' |
RS 1 RS |
02t .' 02t [
| f
01t 'n' (Rl .f
N o L . . N i : .
40 | i b} ) 4 il ] il 4
x x
(a) (b)

Figure 3: Vmand Ve solution of NPDBF equation at (a) t =0.5 (b) t =1

Table : Absolute errors between VITHp and exact solution of NPDBFequation:
x | VITHp Exact Absolute VITHp Exact Absolute
Solution Solution error Solution Solution error
(vm) (ve) (vm) (ve)
t=0.5 t=1
-50
2.58455x107!! 2.59461x107!! 1.0057x10713 4.6618x107!! 4.8473x107!! 1.855x10-12
-40
3.83581x10” 3.85074x107° 1.4930x10!! 6.91882x107 7.19413x107° 2.753x1071°
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-30
5.69285x10°7 5.71500x1077 2.2150x10% 1.02684x10° 1.06770x10¢ | 4.086x10%
-20
8.44825x107S 8.48110x10°S 3.2850x107 | 0.0001523781 0.000158436 | 6.0579x10°
-10
12.3886x107 12.43165x103 4.298x10° 0.0222049528 | 0.022977370 | 7.7242x10*
0 1.9113x10*
0.6511637400 | 0.6513548600 0.7718098958 | 0.777299861 | 5.4899x103
10
3.4439x10°5
0.9964408400 | 0.9964063970 x 0.9985707075 | 0.998073265 | 4.9744x10*
20
2.5585x107
0.9999759550 | 0.9999756997 x 0.9999906578 | 0.999986993 | 3.6649x10°
30
1.724x10°
0.9999998379 | 0.9999998363 0.9999999371 0.999999912 | 2.4800x10°
40 1.1628x10!
0.9999999989 |  0.9999999989 ' 0.9999999996 | 0.999999999 2x10°10
50
8159x10°4
1.000000000 1.000000000 7-8139x10 1.000000 1.000000 3.999x1012
Conclusions:

In this article, we have used VITHp for nonlinear partial differential (NPD) Burger-Fisher
type equation. From the above table, absolute error between VITHp solution and exact solution of
NPDBF equation very small.Hence the result obtained by VITHp has good agreement with exact
solution. therefore solution obtained by VITHp is accurate. Hence this method gives better
accuracy.
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